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ChatGPT prompt “minimalist landscape painting of a deep underwater scene with a blue tang fish in the bottom right corner”



Recap: Optimizer

Optimizer



Recap: Gradient Descent

. oL
Basic update rule: Aw;; = —a - ——
! aWj’i
* w; ; : one network parameter (or “weight”)

* Aw; ; : how we change this weight to decrease loss

* o : a constant called the learning rate

e [ :the loss value



Recap: Our simple regression model

=1
lj =2Wj,kxk+bj
k

Il =w.x +0b L=(y—l)2

input linear layer loss



Recap: Backpropagation

dL _ dL dl
dw  dl dw

= —2(y —1).x = =2x(y — wx — b) = 2x(wx + b — y)

[l =wx +5b

dw dl




Today’s goal — continue learning about
backpropagation

(1) Building a simple neural network for multi-class classification
(2) Backpropagation of our network (via Chain Rule)

(3) Computation graph for neural networks



Recap: Cross Entropy Loss
(for Multi-class classification)

Classes
P (m) Y
m 0-3 IIOH O
- 2 y; log(p;)
j=1 0.2 uln 0
= —log(pa)
0-5 ((2” 1
One hot encoding
0
Some examples: 01010 0|0

We want model to assign
high probability to the
log (0.5) = —0.3 true class and low to

log (0.001) = —3 others

log (0.9) = -0.04




A Better Loss: —log(p,)

No
Maximum

Let p, be the probability of the correct class

Steep at p;=0

0!5 1

Operating in “log space” means that near-zero probabilities become
large negative numbers = no numerical underflow 8



Inverse Probability 1 — p, as Loss

Maximum is 1 C\

ety T
strong penalt 2sn t
IP y) quickly away from wron
i - answer)

When probabilities
get small, Floating
point numbers often
fail to represent
differences between
them (i.e. numerical
‘underflow’)

0l1 012 0!3




Recap: Cross Entropy Loss
(for Multi-class classification)

m Classes
- z yj log(p;) P (m)
j=1
0-3 IIOH
= —log(pa)
0.2 (ll”
0-5 112”
How do we get
Some examples: these probabilities?

log (0.9) = -0.04
log (0.5) = —0.3
log (0.001) = —3

We want model to assign
high probability to the
true class and low to

others




Our new probability layer

* What does a probability distribution, p look like?
* For any digit j: p; € [0,1]
* Db =1
* Currently, our outputs [ do not satisfy these properties
* Foranydigitj:[; € R
* il =R
* How to make our network output satisfy these properties?



The Softmax Function

elJ

Zk elk

J means every number is positive

* The formula: p; =

* Using exponents e’

* Dividing by ),,, ek means every p; is between 0 and 1, and that
2Pk =1

Before Softmax After Softmax
_ I i _ I I E )
l 1 2

- . m - [
0 1 2 3 4 5
Digit Class Digit Class
We call these numbers logits (I notation) 12
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Recap: Cross Entropy Loss
(for Multi-class classification)

m
— Z y;j log(p;)
j=1

= —log(py)

Some examples:

log (0.9) = -0.04
log (0.5) = —0.3
log (0.001) = —3

Classes
P (m)
0.3 “0”
0.2 “1”
0.5 “2"

|

We can get these
probabilities by
using a Softmax

function

We want model to assign
high probability to the
true class and low to

others




=1

input

What changes do we make for this task?

l] =2Wj,ixi+bj
[

[l =w.x +0b

linear layer loss
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Our model before

* This is a simplified view of our model with an input and a linear layer

l] = Z Wj,i X + b]
i

X

input linear layer
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Our model after

* This is our model with the new probability layer

input

l] =ZWj,l-xi+bj
i

X

linear layer

Our new layer

probability layer

pj =Py =jl)

16




Any guestions?

Adding Cross Entropy Loss to Our Network ’,é?

;= Wi x; + b; 4
Z Zk e'k L = —log(pa)

input linear layer softmax loss
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What is the Chain Rule in Our Network?

* Here’s our function: L (p(l(W))) =

lj =2Wj,l-xi+bj
i

linear layer softmax



The Chain Rule in Our Network

dL _ dL dp dl
dw dp dl dw

ﬁL\
dp

* Here’s our function: L (p(l(W))) =

fl\
dw

dp

dl

19



Derivative for Cross Entropy Loss Layer

L = —log(pa)

input linear layer softmax loss

20



Derivative for Cross Entropy Loss Layer

oL _ 3 (-log(pa)) _
0Pq 0pq

dL
dpq

L = —log(pa)

input linear layer softmax loss
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Derivative for Cross Entropy Loss Layer

oL _ 9 (-log(pa)) _ -1

0Pa 0Pa Pa

L = —log(pa)

softmax loss
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Chain Rule for Softmax Layer

& =\
dl. ela
J Pa =

l] = ij'i X + b]

input linear layer softmax

loss
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Chain Rule for Softmax Layer

input linear layer softmax loss

24



Chain Rule for Softmax Layer

la
oy . Dk ek

al; al;

dpa
4™ N
Pa = ——

Xk el

2

linear layer softmax loss



Chain Rule for Softmax Layer

Because of multiple inputs and outputs

Which component

ela (output element) of
0| —— softmax we're seeking to
apa _ Zk elk — 977 find the derivative of?
al; al;

With respect to which
input element the partial

m derivative is computed?
dly

linear layer softmax loss 26

https://eli.thegreenplace.net/2016/the-softmax-function-and-its-derivative/



Chain Rule for Softmax Layer

ela 4—  Because of multiple inputs and outputs
0 Two cases to consider:
0Pa Zk elk 1. j = a(i.e.the logit of the correct answer)
= =777 2. JFa
al; al;

linear layer softmax loss 27
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Chain Rule for Softmax Layer

g
apa_ Zke

ol

Derivative is positive (increasing the at™ logit
will boost the probability of predicting the
correct answer)

{(1 pJ)pa a=]

PjPa a#+j
‘  Derivative is negative (decreasing the

probability of every other logit will boost the

m 4 probability of predicting the correct answer)
dlj _ ela

Xk el

2

2 N

linear layer

softmax 33



Chain Rule for Softmax Layer

9pa _ |(1-pj)pa a=j

dl; —PjPa a+j

A simpler way to write it:
The vector of all predicted probabilities

Viva = —P)pa A one-hot vector

\ T 0

a
The gradient of p, with respect to the logit vector1 ololo]o 0
y

34



Chain Rule for Softmax Layer

input linear layer softmax

dL
dpq

L = —log(pg)

loss

35



Chain Rule for Linear Layer

alj
aWj,i

m m dL
w dl; ela d
/ Pa = Pa

i
l] = Wj,i X + b]

[

input linear layer softmax

I =

—log(pa)

loss

36



Chain Rule for Linear Layer

alj . a(Zin,ixi) _

aWj,i aWji

dl; dpa dL
dWl e dpq

Zk ek L = —log(py)

w“xl+b

[

input linear layer softmax loss



Chain Rule for Linear Layer

alj . a(Zin,ixi) . a(...+Wj’ixi+---)

aWj,i aWji - aWji

dl; dpa dL
dWl e dpq

Zk ek L = —log(py)

w“xl+b

[

input linear layer softmax loss



Chain Rule for Linear Layer

olj _ 0Qwjix) _ 0(+wjixi+)
— = — xg
avai avvii aVV]l

dl; dpa dL
dWl el dpq

Y el L = —log(py)

input linear layer softmax loss



AWj,i

Chain Rule Put Together

input linear layer

softmax

L = —log(p,)

loss
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Chain Rule Put Together

oL
—a
aWj’i

AWj’i =

input linear layer

softmax

L = —log(p,)

loss

41



Chain Rule Put Together

) oL oL dp, 0l
W:; = —«Q = —a - . . —
it aWj,i Bpa al] aWj’i
dl; dp,
dWi 7

input linear layer

softmax

L = —log(p,)

loss



Chain Rule Put Together

oL dL 0 dl; —1
Awj; = —«a = —- Pa 75 = —a- (p ) (pa(YJ pj)) () =
a

aWj,i Bpa al aWj’i
dl; m m
dwl di; el dp,

Zk e’k —log(py)

input linear layer softmax loss




Chain Rule Put Together

oL oL apa alj —1
Aw: - = — _ =_() M- () = —a - (1 — vo) -
Wj i aaWj,i a- apa al aWj,i a -~ (pa(y] p])) (x;) a (p] y]) Xi
dwl dl; e'a dpq

Zk e’k —log(py)

input linear layer softmax loss




Gradient Descent: Conclusion

* Update rule: Aw; ; = —a - (pj — yj) X = (yj — pj) ¢ X

* We use this to descend along the gradient toward the minimum loss
value

* We used chain rule to propagate backwards through the entire
network while doing the derivative - backpropagation

Any questions?

n?9

-'
G



Backpropagation for Deeper Networks

- The function computed by the network is a composition of the functions
computed by individual layers (e.g., linear layers and nonlinearities):

- More precisely:

hidden
representation

h, h,
X

input first layer second layer output layer output

transformation transformation . 46
Lazebnik

hy


https://slazebni.cs.illinois.edu/spring22/

Computation Graph

- Adirected acyclic graph (DAG) that is used to specify mathematical
computations:

- Each edge represents a data dependency (i.e. feed a variable as input to
the function)

- Each node represents a function, or a variable (scalars, vectors, matrices,
tensors)

- Recall that neural networks are compositions of functions

- A computation graph can be used to specify a general neural network

47

Lazebnik


https://slazebni.cs.illinois.edu/spring22/

Computation Graph

hidden
representation

h4 h, hyg—1
x “se hK

input first layer second layer output layer output
transformation transformation

Example Computation Graph for a Neural Network with a Loss Layer:

Wq W, W
| |
hy h, hg_1 hg

Lazebnik

48


https://slazebni.cs.illinois.edu/spring22/

Chain Rule on a Deeper Neural Network
de (EE) Wk
!

aWk v
hy_1 hy hyg -1 hg
fr(Pge—1, W) . e
ae ahK ﬁ
Ohk_q Ohy_4 Ohy

« General case:

de
abvk

49
Lazebnik


https://slazebni.cs.illinois.edu/spring22/

Chain Rule on a Deeper Neural Network

de Wi ahk W
hy_1 ‘ hy hyg -1 hg
fre (-1, wi) e
Oe Ohy e
ahk ahK—l ahK

« General case:

5 Ohg  Ohgyr| Ohy

awk ahK ahK_l ahk aWk
d de Local gradient
Upstream gradient
P g dhy,

50
Lazebnik


https://slazebni.cs.illinois.edu/spring22/

Backpropagation: Summary

Parameter update:
Wi de  de Ohy

- Upstream
Wk OWy gradient:
de
dhy,

Local gradient
fre (Re—1, wi)
dhy,

—ahk—l Local gradient

A

Downstream gradient:
de de OJhy

— Forward pass

- < Backward pass
ahk_l ahk ahk_l

51
Lazebnik


https://slazebni.cs.illinois.edu/spring22/

Backpropagation: Layer Abstraction

e Layer is an abstraction of a function (linear layer,
softmax layer, ReLU layer)

Local gradient
fre(Rge—1, i)
dhy,

—ahk—l Local gradient

* Forward pass: Just need to implement the function
itself fk(hk—llwk)

* Backward pass requires two functions to compute

. oh ohy ,. .
local gradients: —=— and also —= (if the function
Any questions? Ohy—1 oWy

?7 has parameters)

22




Dealing with Vectors

Jacobian: rows correspond
to outputs, columns
correspond to inputs.

9z(M 9z(M
0z ox( 7 9xV) The j, i th element of the
ax aZ:(M) ) az:<M> Jacobian is the partial
usxN  \ax@ T 9@ derivative of the jth output
X L

Jacobian w.r.t. ith input

1xXN de B de 62\/ ae 1xXM
ox " 9z ox >,
1xXM

IXN  1XM MXN

53



Dealing with Vectors

Jacobian: rows correspond
to outputs, columns
correspond to inputs.

de _ i de 0z 9z 9z
0xD " Li9z® 9x® . ox® 7 9xW) The j, i th element of the
. | ox 3,00 5,0 Jacc.)bia.n is the pa.rtial
de de 0zW T 5 derivative of the jth output
- . MxN \0x dx @) o
IxN)  LL9z® gxI) . w.r.t. ith input
i=1 Jacobian
1xXN de B de 62\/ ae 1xXM
ax ~ 9z ox Py
1xXM

IXN  1XM MXN

54



Recap

Multi-class
classification
neural
network

Backpropagation and

computation

I Cross entropy loss revisited I

Softmax function

Building a simple
model with new
layers

Chain rule for multi-class
classification

Computation graph

Dealing with vectors

L = —log(pa)




